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Near-Optimal Horizontal Trajectories
for Autonomous Air Vehicles

Ilana Shapira* and Joseph Z. Ben-Asher"
Tel-Aviv University, Tel-Aviv 69978, Israel

Minimum-time trajectories of unmanned aircraft in a horizontal plane are studied. The boundary conditions
comprise initial and final locations and heading angles. The system model assumes instantaneously changing
velocity. We view this model as a generalization of the constant-velocity model. As the study of that model has
shown, the favorable trajectories that meet these boundary conditions, which have an analytical solution and
comply with the minimum principle (MP), are of a bang-level-bang type. Thus, we adopt such trajectories to the
current problem and investigate their compliance with the MP. The interesting result of this study is that such
trajectories do not satisfy the necessary conditions of the MP inherently (as was the case in the constant velocity
model), but under restrictive conditions, which are derived and analyzed. Analytic solutionsare given together with
some examples of the trajectories obtained. A numerical example of an optimal trajectory (with no restrictions on
the number of switching points) is examined with regard to the general conditions for compliance with the MP.

Nomenclature
Clax = maximum lift coefficient
F = final location
H = Hamiltonian
H, = the part of the Hamiltonian that is independent of
the control
H, = the part of the Hamiltonian that depends on the
control
= initial location

I = radius of turn on the bang segments
t = time
ty = final time
t, b = switching times
1 = flight time on the level flight segment
u = control
Uy, Uy = constant controls on the first and second bangs
v = instantaneous velocity
Up = velocity along the bang segments
U = velocity along the level flight segment
X5 = final location on the x axis
Xo = initial location on the x axis
yr = final location on the y axis
Yo = initial location on the y axis
a = maximum rate of turn
B = velocity ratio v,/ v,
Ays Ay, Ay = costates
v = heading angle
4% = final heading angle
v, = heading angle on the level flight segment
Yo = initial heading angle

I. Introduction

PTIMIZATION of atmospheric flight trajectories has been of

great interest for many decades. The considerable difficulties
of optimizing the exact, i.e., particle dynamics, system model re-
sulted in approximation methods, most of which were based on
the reduction of the order of the state differential system. An opti-
mal guidance problem of a vehicle pursuing a maneuvering evader
is closely related to the trajectory planning problem and has been
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extensively investigated. The formulation demands minimizing a
weighted linearcombinationof the time of capture and the expended
maneuvering energy (which is quadraticin the control) and thus as-
sumes implicitly a constrained control. The singular perturbation
theory! was used to produce feedback control laws under such an
approach. The same cost function was applied to a constant-velocity
interception problem with free final heading? and to a solution of
the exact planar, nonlinearequations of motion for a guidance prob-
lem involving constant-speed vehicles® A constrained control can
be taken explicitly into considerationin the optimal control formu-
lation. In this case, the cost function is the final time.*~% In Ref. 4, a
three-dimensionaltime-range-optimal-turn-climb maneuver to the
dash point was solved. In Ref. 5, time-optimal trajectories in the
horizontal plane were studied with specific initial and final posi-
tion and azimuth. Numerical solutions were derived for free final
velocity and for constant velocity, indicating the existence of two
boundary layers.

This work investigates time-optimal trajectories in a horizontal
plane for trajectory planning purposes. The trajectories constitute
solutions to a family of two-point boundary-valueproblems, where
the initial and final locations and headings are specified and the
controlis limited. Systems with constant velocity and explicit con-
straint imposed on the control were investigated by Erzberger and
Lee.® They showed that the trajectories are composed of a bang-
bang or singular subarcs and that no optimum can contain more than
three switching points, i.e., four turns. This work generalizes theirs
by replacing the constant-velocity assumption with a more realis-
tic velocity model involving an instantaneously changing velocity.!
Such a model can be applied to air vehicles with constant throttle.
This assumption is justified by the more realistic physical model
of the rate of turn as a function of speed along the thrust limit.
An example is shown in Fig. 1. The thrust-limit model is based
on an equilibrium between thrust and drag and typically deacti-
vates the load-factor constraints of Cl,,, and the structural limit.
Moreover, following Ref. 1, we will be using a linear curve as an
approximation to the actual thrust-limit curve. Thus, solving the
approximated model is a step toward the solution of the more re-
alistic model. The solutions are limited to those that can be imple-
mented in a real-time guidance autopilot of autonomous vehicles.
Such onboard implementations may be applicable to unmanned air
vehicles, whose mission is to search a given area in a given direc-
tion, to fly over certain navigation points in a specified heading,
or to approach a runway or a carrier. Thus, we will confine our
attention to two-switching-point trajectories of a bang-level-bang
(b-1-b) type (by bang we mean applying a maximum rate of turn),
which is the most common case according to Ref. 6. This choice is
motivated by the recommendationin Ref. 6, by the resultsin Ref. 5,
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Fig.1 Turnrate as a function of speed for a realistic thrust-limit model
and an approximated model.

by concern for operational acceptability and simplicity, and by the
insight gained from the study of constant-velocity systems.” It was
shown that in the general case of a constant-velocity system, there
are four different trajectories of this type (the number reduces to
three or two in special scenarios), all of which satisfy the minimum
principle (MP). Thus, it was natural to choose the same trajecto-
ries (b-1-b) for the model with instantaneously changing velocity
and analyze their compliance with the MP. However, because this
is a restricted family of solutions, we name these trajectories near-
optimal. The minimum-time true optimal solution may or may not
belong to this family. The general necessary conditions for optimal-
ity are derived, and a comparison with the constant-velocitysystem
is carried out. An analytic solution is given, and its trajectories are
presented, together with one numerical result on a time-optimal tra-
jectory free of any restrictionon the number of switching points. Fi-
nally, we note thatthe optimal trajectoryis an open-loopone and can
serve as a reference trajectory to be synthesized by proper control
loops.

II. Problem Statement

The problem concerns an air vehicle whose initial location is
I = (xg, yo) and whose heading angle is y,. This vehicle has to
get to another location F' = (x;, y;) with a heading angle v .
The vehicle’s instantaneous velocity is denoted by v. The problem
geometry can be described, withoutany loss of generality,in a right-
hand coordinate system whose originis at I and whose x axis points
in the direction of the initial heading, as shown in Fig. 2. In this
coordinate system, the initial conditions x, = yy = y, = 0 are
completely general.

This mission should be performed in minimum time, subject to
a limited control constraint. The control is the rate of turn, which
is typical for an aircraft, and is limited by o. The dimensionless
controlis defined as the normalizedrate of turn: u = (1/ a)(dy/ dt).
As already stated, the velocity is assumed to be a linear function of
the control magnitude': v(#) = v,, — (v,, — vy)|u/, as is graphically
shown in Fig. 3.

It is physically reasonable that the velocity along the bang seg-
ment vy, i.e., during a maximum rate of turn, should be lower than
the velocity along the straight and level flight segment or during
any intermediate turn. The dependence of the velocity on the con-
trol implies that the velocity is a piecewise constant function, as
is the control. Such a model ignores the continuous physical time
dependence of the velocity® for the sake of simplicity.

The equations of motion in the horizontal plane can be described
in the new Cartesian coordinate system by

% = v(u) cos y (1)

Fig.2 Coordinate system.

Vb
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Fig.3 Model with instantaneously changing velocity.

i—f = v(u) siny )]
‘L—‘f = ou 3)
with the boundary conditions
x(0) = y(0) = w(0) =0 “)
x(ty;) = xg &)
y(te) = yy (©6)
y(ty) = vy (M

where (x, ys, y,) are the final parameters in the new coordinate
system. Such a problem can be solved within the framework of
optimal control theory,based on the MP, where the constraint|u| < 1
isexplicitlyused. The solutionassumes a piecewise constantcontrol
(in accordance with the basic requirements of the MP).

III. General Formulation

The general formulation of the problem is given in Table 1. The
Hamiltonianfor such a formulationis smoothin the state and costate
variables but not with respect to the control. Thus, the problem fits
the framework of the fundamentalproblemas studied by Pontriyagin
etal®

Letusdenotethe velocityratiov,/ v,, by f, where 0 < 8 < 1.The
Hamiltonian contains linear terms in # and |u|. This form reminds
us of the minimum-fuel problem,” although there the state equations
are linearin the control and the cost functionis linearin the control’s
absolute value. The following analysis of the optimal solution will
be along the same lines.

IV. Discussion of the Optimal Control
A. General
The Hamiltonian can be expressedas a sum of two terms, H, and
H,(u). The latter depends on the control:

H,(u) = Alu| + Bu

where
A= —(v, —vp)(c; cosy + ¢y siny) B=oak, )
whereas H, is independent of the control:
Hy = v,,(c;cosy + ¢, siny) 9)

Thus, A is proportional to Hy:

A= —(-p)H, (10)
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Table 1 General formulation

Initial Final
State equations values  values Remarks
1 E =v(u)cosy  x9=0 Xy v(u) = vy — (U — vp)|u|
d
2 —y:v(u)sinw =0 yf
dt
dy .
3 E = ou vy =0 743 o = maximum rate of turn
4 The cost function J = t¢

5  The Hamiltonian
H = A (v — (v — vp)|u|]cos w
+ Ay [Vm — (U — vp)|ul]sin g + Ay ou

Costate equations Remarks
di, OH
6 =——= Ay = tant = ¢
m Em » = constant = ¢
da, OH
7 d—; = _(’}_y = Ay = constant = ¢
da, OH .
8 —L=—— = [Um — (U — vp)|ul](c1 sin y — ¢z cos )
dt oy
9

oH { —(vm —vp)(cicosy +cosiny) +aiy, when u> 0

('}_M (v —vp)(crcos w4+ crsiny) 4+ ady, when u< 0
10 The condition for a Hamiltonian that does not

depend explicitly on time is H(t) = —1

The sum of both terms satisfies the condition
H (u)+ Hy = —1 (11)
The MP requires that u minimize H,(u), where

(A+ B)u when u=>0 (12)

HiG) = { (=A+ B)u when u<o0

Note that the derivative 0 H/ ou (= 0 H,/ ou) is not defined at u = 0.

The law that determines the optimal control is derived according

to the dependenceof H,(u) on A and B. The control that minimizes
H,(u) is given by

_Jo when

T | —sign(B)  when

Bl < A

|B|> A (13)
Two options were excluded from Eq. (13). The first option is that
of |B| = A and u # 0, which was found to be invalid for a finite
time interval. The second option, B = 0 with A < Oandu = 1
or u = —1, is also impossible, because the time derivative of B
when |u| = 1 is v,(c; sin w — ¢, cos y) (see line 8 in Table 1), and
this expression cannot be zero over a finite time interval, as v is
controlledby dy/dt = au and |u| = 1. Thus, an optimal trajectory
consists of segments with u = 0 or |u| = 1.

First we shall study the relation between A and B on the individ-
ual segments (this analysis is general, without any assumption on
the number of switching points), and then we shall fit them to the
particular b-1-b trajectories.

B. Analysis of the Level Flight Segment (z = 0)
When u = 0, the heading angle is constant. If we denote this
angle by y,, the Hamiltonian will take the form

H = Hy =v,(c;cosy, +cysiny,) = —1 (14)

[Eq. (9)]. Consequently [Eq. (10)], A = 1 — B is constant, whereas
B, which is al,, is determined by
da,
dt

The slope of A,, will be adjusted to match to the values of 4,, on
both sides of the interval so as to provide a continuous 4,,.

= v, (c; siny, — ¢y cos y,) (15)

Note that Eq. (14) implies level flight segments with two different
heading angles at most in the general solution.

C. Analysis of the Bang Segment (ju| = 1)
On the bang segment, |u| = 1. Thus, Eq. (11) can be written as

H=A+4 Bu+v,(cicosy +csiny) = —1 (16)

where A is defined in Eq. (8).

To obtain a relation between A and B, we replace the expression
(cy cosy + ¢, sin y) in Eq. (16) with —A/ (v,, — v,) from Eq. (8).
This yields

A+ Bu— —2»
Uy — VUp

A=-—1

which directly leads to
B =—u{l —[B/(1 - B)IA} a7

In the preceding subsection, it has been shown that when v — v,
A attains the value 1 — 8 and consequently, according to Eq. (17),
B attains the value —u(1 — ), where u is the control on the current
bang. Thus, the limits of A and B when v — v, are

A=1-8 and B=—-u(l-p)

The time derivative of B (which is equal to a dA,/d¢) can be deter-
mined by usingline 8 in Table 1: dB/ dt = awv,(c; sin y —c; cos y).

Once c; and ¢, aredetermined, A and B for |u| = 1 become known
functions of v, and their matching with the MP [u = —sign(B) in
Eq. (13)] can be verified.

So far the analysisappliesto a solution with any number of switch-
ing points once the heading-angle profile and the adjoint variables
are known. In the next section, the adjoint variables are derived for
the restricted b-1-b trajectories (see Sec. I for motivation), but it is
important to bear in mind the applicability of the derivation to any
b-1-b subtrajectory in the general solution.

V. Calculation of Adjoint Variables
for a b-1-b Trajectory

The b-1-b trajectories are discussed in Appendix A. The adjoint
variablesare 4, (= c), 4, (=), and 4,,. One equation for the ad-
joint coefficients ¢; and c, of the discussed trajectory is obtained
from the continuity of 4,,. From Eq. (17) we conclude that if the
level flight segmentis defined for¢; <t < t, andif u; and u, are the
constant controls on the first and second bangs, respectively, then

WD), - = (—u)(1 = )

alw(t)tﬂt; = (_MZ)(l - ﬁ)

whereas on the level segment, dA,,/dt is constant [see Eq. (15)].
Hence,

da,
(—u2)(1 = B) = (—upn( —ﬁ)+05f21F (18)
If u; = u,, then dA,,/dr on the level flight segment is zero, and
accordingly

cisiny, —c,cosy, =0
and B is constant and satisfies
B=oak, =-u;(1-PB)[=—us(1-B)]1 #0

If u; = —u,, then dA,/ dr on the level flight segment is a constant
different from zero, and accordingly B is a linear function of time
(along the level segment). For (u,, u,) = (1, —1) the slope of B is
positive, and for (u, u,) = (—1, 1) the slope is negative.

An equation for ¢; and ¢, in terms of the trajectory parameters
can be derived from Egs. (15) and (18):

(0 —u)(1 =) _

Q1)

(cysiny, —cycosy,) = P, (19)

where p, represents the slope of 4,, along the level flight segment.
It tends to zero as B approaches 1 or as t;; becomes large.
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The second equation for ¢; and ¢, in terms of y, is obtained from
Eq. (14):

(cicosy, +cysiny,) = —(1/v,) = p, (20)

From Egs. (19) and (20), ¢, and ¢, are found to be
¢ = picosy, + pysiny, 21
€y = pisiny, — p,cos y, (22)

These expressions describe A, (=c¢;) and 4, (=c¢,) in terms of
P1, P> (whichdependon a, 8, v,,, U, u,, and t,;) and y,. Thus, for
a given vehicle characterized by (o, S, v,,), the quantities A, and
Ay are functions of the trajectory parameters u,, s, f;, and y,. To
obtain a similar expression for the third adjoint coefficient 4,,, we
recall that B is equal to al,, and that B on a bang segment s related
to A accordingto Eq. (17). A is givenin Eq. (8) and can be expressed
in terms of the trajectory parameters by substitutingc; and ¢, from
Eqgs. (21) and (22). Thus,

A = (1= P)lcos(y, — y) + (po/ p)sin(y, — y)]
B = —u{l — Blcos(y, — y) + (p2/ p)sin(y, — w)]}

where u equals u; on the first bang and u, on the second bang.

These formulas for A and B hold along the bang segments of a
b-1-b trajectory. If u; = u, or § = 1, then p, = 0. The results of
the adjoint variables and for A and B are summarized in Tables 2
and 3.

VI. Does the b-1-b Solution Satisfy
the Minimum Principle?

The answer to this question depends on the correlation between
the solution obtained in terms of (u, A, B) and Eq. (13). In this
section, we study this correlation on the different segments and
derive a very simple validity condition in terms of A only.

On the level segment of the trajectory where u;, = u,, we have
A=1-,B = (—u;)(1—-p),and u = 0. These conditions match
the optionu = 0inEq. (13) for |B| = A. On thelevel flight segment
where u; = —u,, we have u = 0 and | B| < A, and thus they also
match the option u = 0 in Eq. (13).

On the bang segments (Ju| = 1), the optimal solutions should
match the option u = —sign(B) in Eq. (13), which requires that
|B| > A and u = —sign(B). Here B is related to A according to
Eq. (18):

B = —u{l —[B/(1— B)]A} (23)

Table2 Adjoint variables A and B for a trajectory with u = uy = u,

This relation complies with # = —sign(B) if and only if
1=[pr(1-=p)JA=0 (24)
ie.,
A=(A-p)B (25)

Taking the absolute values of both sides of Eq. (23) and making use
of Eq. (24) yields

Bl ={1—[B/(1—P)]A} (26)
Hence |B| > Aifandonlyif I — [B/(1 — B)]A > A, i.e,
A<1-p 7)

which is more restrictive than Eq. (25). Thus, both conditions (25)
and (26) are met if A < 1 — 8 along the bang sections. Therefore,
this inequality assures compatibility with the MP.

We can summarize the optimality conditions for a b-1-b trajec-
tory in the following way: the level segment inherently satisfies the
MP, whereas the optimality of the bang segment is guaranteed only
for u; = u,. Thus, trajectories with u; = u, satisfy the MP, but
trajectories with u; = —u, do not necessarily do so. Recall that for
the constant-velocity model, both trajectories (with u; = u, and
u; = —u,) satisfy the MP.

A detailed investigation of Eq. (27) (Ref. 7) for u; = —u, shows
that trajectories whose arcs on both sides of v, are less than =
satisfy the MP, whereas for trajectories whose arcs are greater than
7, inequality (27) should be checked. As a rule, the longer the
length of the level flight segment, the greater the arcs that are per-
missible.

VII. Numerical Examples

A vehicle is characterized by v,, = 800 ft/s, B = 0.6, and ot =
4.58 deg/s. Accordingly,v, = Bv,, =480 ft/s and the radius of turn
is 6000 ft.

Some b-1-b minimum-time trajectories are calculated with re-
spect to the final locations and heading angles given in Table 4 (see
the calculationprocedurein Appendix B). The trajectoriesare shown
in Fig. 4. The compliance of those trajectories with the MP can be
checked in view of Eq. (13) or, equivalently, A can be checked for
whether it exceeds the value 0.4 (= 1 — ) along the bang segments.
Once A attains this value, the MP is violated and the trajectory is
not a candidate for the optimal one. Examination of the function A
has shown that only the first trajectory violates the MP. The other
examples satisfy the MP, a fact that does not exclude the existence
of trajectories with shorter flight time with more than two switching

Table4 Numerical solutions

Coefficient Expression Remarks Example  xg, ft v, ft vyr,deg  ug u tr,s
Ay —(cos w,.)/ vy, Ay = €] 1 2,000 —1,000 60 1 -1 78.87
Ay —(sin y,)/ vy, Ay =02 2 6,000 —15,000 300 1 92.34
Ay —(ul a){1 — Bcos[y, — w(t)]} u = —sign(1y) 3 17,000 0 270 1 -1 43.67
A (1 = B) cos(y, — ) A=1-Bify =y, 4 18,000 0 270 1 1 4325
B —u{l — Beos[y, — y(1)]} B = aly 5 19,000 0 270 1 -1 43.46
|B| 1 — Beos[y, — w(1)] |B| > A 6 8,000 —6,000 170 -1 -1 133.58
Table 3 Adjoint variables A and B for a trajectory with u; = —u;

Coefficient Expression Remarks

Ay ¢] = p1cos y, + pasiny, e =1

Ay €2 = pi Sin Y, — p2cos v, Ay =2

Ay (bang sections) —(u/ a){1 — Blcos(y; — y) + (p2/ p1) sin(y, — w)]} p1=—Uuy

Ay (level section)

p2 = (uy —u2)(1 = B) o,y

Changes linearly with time between

(—ur/ )(1 — B) and (—uz/ a)(1 — )

A (1 = B)lcos(y, — w) + (paf p1) sin(y, — )]
B —uf{l — Blcos(y; — y) + (p2/ p1) sin(y, — )]}

A=1-pPifv =y,
B:OM.V,
U=UpOru =uy
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Fig.5 Numerical solution of a general minimum-time optimization problem.

points or with two switching points but a structurethatis not a b-1-b
one.

Example 2 is a degenerate case whose second arc has vanished.
Examples 3-5 demonstratethe unexpectedresult thatit can take less
time to reach a farther location (example 4 has a shorter flight time
than example 3). Example 6 represents a long trajectory that results
from the constraint dictated by the radius of turn (Appendix A).

Recalling the conclusion that the general solution can contain
two level flight segments, an attempt has been made to look for a
shorter-flight-time trajectory for example 6, expecting it to contain
two level flight segmentsinstead of one. The trajectory was obtained

numerically with the help of an optimization software package, and
the result is given in Fig. 5. The flight time obtained is 292 s (as
comparedto 134 s in the b-1-b case), and its function A (not shown)
does not exceed 0.4; hence it confirms the compliance of the tra-
jectory with the MP [Eq. (27)]. The numerical result supports the
observation that the optimal solutions contain two level flight seg-
ments at most.

VIII. Conclusions

Time-optimal trajectories of vehicles that obey the model of in-
stantaneously changing velocity are composed of level flight and
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Fig. A1 Typeb-1-b
trajectories.

Fig. A2 Trajectories when the
motion along the overlapping
circles is in the same direction.

Fig. A3 Trajectories when the
motion along the overlapping
circles is in opposite directions.

Fig. A4 Two possible trajectories
when the center of the final
overlapping circle is inside the
initial circle.

Fig. A5 Three possible trajectories
when the center of the final
overlapping circle is inside the
initial circle.

atan(x, y) = tan (x / y)

bang segments, where the level flight segments are limited to two
different heading angles at most. Conditions for compliance with
the MP were derived for any solution given in terms of trajectory
parameters and adjoint variables. The family of b-1-b trajectories
was studied in detail and produced analytic expressions for the tra-
jectories and the adjoint variables.

Applying the conditions for compliance with the MP to the ana-
lytic solution yields that trajectories with u; = u, satisfy the MP,
whereas trajectories with u; = —u, satisfy the MP only when the
arcs on both sides of the level segment are less than 7. If the arcs
are greater than 7, the compliance condition should be checked.
As arule, longer level flights permit longer bang arcs. In compari-
son, in the constant-speedcase, the MP is always satisfied by b-1-b
trajectories.

The study in this paper is focused on the necessary conditions for
an optimum and does not deal with the sufficient conditions. Thus, a
solutionthatcomplies with the MP becomesa candidatefor the time-
optimal solution but is not necessarily the optimal one. Because we
have used a simplified model for the rate of turn, the questionarises
to what extent the more realistic model (shown in Fig. 1) will affect
the time-optimal solution. This question is left for a future study.

Appendix A: B-L-B Solutions

The possible trajectories of a b-1-b type are shown in Figs. A1-
AS.

1) When the range between I and F is sufficiently large, Fig. A1
demonstrates the four possible trajectories of a b-1-b type. Four
circles are drawn in Fig. Al. Two are tangent to the initial heading
at point /, and two are tangent to the final heading at point F.
Trajectories 1 and 2 start at the right-hand turn circle and end on
each of the final circles in the proper directions. Trajectories 3 and
4 start at the left-hand turn circle and end on each of the final circles
in the proper directions.

2) When the range between I and F is such that one of the initial
circles overlaps one of the final circles (Figs. A2 and A3), we can
distinguish between two cases. In the first case, the motion along
the overlapping circles is in the same direction. In this case, there
is a common tangent to both circles and there are four possible
trajectories, as shown in Fig. A2. In the second case, the motion

Normalize coordinates
.

Xpy=ux. /1,
I —

y;=uy / I

Define the auxiliary parameters
a=x, -siny;
b=y, +coswy, -1

Compute the normalized times
t', =atan (u b, u a)
t, =uf @2+ b2)1/2

t —— ] '
t, =1, 1,

t‘f': t’)l +WF

Compute the real times

t =1t + 2nu

L]
]

t.= t,+ 2nu

=t/ {au)
t,=t,/(au)
te =t/ (o u)

| =—no— Is t >07? |

yes |

|-e-——-no——| Is t. >t ? I

yes |
Qutput;
t, t, t. foru=+1, -1

Fig. B1 Computational procedure for u; = u; =u.
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Normalize coordinates
{

Xe=u X /1y
|

YeEw el

Define the auxiliary parameters
a=x +siny,
b=y - coswy,-1

Compute the normalized times

t, =u, B (a2 + b2 - 4172
atan(x, y) =tan'(x / y) t, =atan(2a +bt, /B, -2b +at, /)
t, =ty +t,
t|r‘ - t'l x t") oW
Compute the real times
t, =t/ (cu)
t,=t,/(cuy)
L=t/ {ou)
—| tl|= t’l - 2Tml I@—HO-———I Is tl >0 ? I
yes |
4| t.= t. + 27y I e—no—l Is t >t ? I
yes |
Output:
t, t, t. for u = +1, -1
Fig. B2 Computational procedure for u; = —u,.

along the overlappingcircles is in opposite directions. In this case,
there is no common tangent to both circles and there are only three
possible trajectories, as shown in Fig. A3.

3) When point F is inside one of the initial circles (Figs. A4
and A5), again two possibilities arise. If the overlapping is such
that both initial circles overlap the corresponding final opposite-
direction circles, then only two trajectories (those whose initial and
final directions of motion are equal) are permissible (Fig. A4). If
only one initial circle overlaps the final opposite-direction circle,
then three trajectories are permissible (Fig. A5).

The formal solutionfor a b-1-b trajectory that meets the boundary
conditions is carried out in Appendix B.

Appendix B: Computational Procedure
for the Switching Times

To find the minimum-time trajectory of the b-1-b type, derive the
four solutions using the following four steps.

1) Givenxy, y;, ws, vy, B, and a, calculate v, = Bu,,, 1, = v,/ a.

2) Solve for u; = u, following the procedure presentedin Fig. B1
using u; = +1, —1 alternately.

3) Solve for u; = —u, following the procedure presented in
Fig. B2 using u; = +1, —1 alternately.

4) Choose the solution that is the shortestin time.
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